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Discrete Mathematics is a branch of mathematics involving discrete elements that uses algebra
and arithmetic. It is increasingly being applied in the practical fields of mathematics and computer
science. It is a very good tool for improving reasoning and problem-solving capabilities. This tutorial
explains the fundamental concepts of Sets, Relations and Functions, Mathematical Logic, Group theory,
Counting Theory, Probability, Mathematical Induction and Recurrence Relations, Graph Theory, Trees
and Boolean Algebra.

Pigeon Hole Principal
Suppose that a flock of 20 pigeons flies into a set of 19 pigeonholes to roost. Because
there are 20 pigeons but only 19 pigeonholes, a least one of these 19 pigeonholes must have at
least two pigeons in it. To see why this is true, note that if each pigeonhole had at most one
pigeon in it, at most 19 pigeons, one per hole, could be accommodated. This illustrates a general
principle called the pigeonhole principle, which states that if there are more pigeons than
pigeonholes, then there must be at least one pigeonhole with at least two pigeons in it.
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Theorem —

I) If “A” is the average number of pigeons per hole, where A is not an integer then

« At least one pigeon hole contains ceil[A] (smallest integer greater than or equal to A) pigeons

. Remaining pigeon holes contains at most floor[A] (largest integer less than or equal to A)
pigeons

Or

Il) We can say as, if n + 1 objects are put into n boxes, then at least one box contains two or more
objects.

The abstract formulation of the principle: Let X and Y be finite sets and let be a
function.

« If X has more elements than Y, then f is not one-to-one.

. |If X and Y have the same number of elements and f is onto, then f is one-to-one.

. If X and Y have the same number of elements and f is one-to-one, then f is onto.

Pigeonhole principle is one of the simplest but most useful ideas in mathematics. We will see
more applications that proof of this theorem.

. Example — 1: If (Kn+1) pigeons are kept in n pigeon holes where K is a positive integer, what
is the average no. of pigeons per pigeon hole?
Solution: average number of pigeons per hole = (Kn+1)/n
=K+ 1/n
Therefore there will be at least one pigeonhole which will contain at least (K+1) pigeons i.e.,
ceil[K +1/n] and remaining will contain at most K i.e., floor[k+1/n] pigeons.



i.e., the minimum number of pigeons required to ensure that at 1east One pigeon nuis wwman

(K+1) pigeons is (Kn+1).
Example — 2: A bag contains 10 red marbles, 10 white marbles, and 10 blue marbles, What is

the minimum no. of marbles you have to choose randomly from the bag to ensure that we get

4 marbles of same color?

Solution: Apply pigeonhole principle.

No. of colors (pigeonholes) n =3

No. of marbles (pigeons) K+1 =4

Therefore the minimum no. of marbles required = Kn+1
By simplifying we get Kn+1 = 10.

Verification: ceil[Average] is [Kn+1/n] = 4

[Kn+1/3] = 4

Kn+1 =10

i.e., 3red + 3 white + 3 blue + 1(red or white or blue) = 10

Pigeonhole principle strong form —

Theorem: Let g, Qa, . . . , G» be positive integers.
fq+Qt ...+ q-n+1 objects are put into n boxes, t

q: objects, or the 2nd box contains at least g, objects, .

Application of this theorem is more important, so let us see how we appl

hen either the 1st box contains at least
... the nth box contains at least g. objects.

y this theorem in problem

solving.

Example — 1: In a computer science department, a student club can be formed with either 10
members from first year or 8 members from second year or 6 from third year or 4 from final
year. What is the minimum no. of students we have to choose randomly from department to
ensure that a student club is formed?

Solution: we can directly apply from the above formula where,

q: =10, q. =8, g, =6, q. =4 and n=4

Therefore the minimum number of students required to ensure department club to be formed is
10+8+6+4-4+1=25

Example — 2: A box contains 6 red, 8 green, 10 blue, 12 yellow and 15 white balls. What is the
minimum no. of balls we have to choose randomly from the box to ensure that we get 9 balls of
same color?

Solution: Here in this we cannot blindly apply pigeon principle. First we will see what happens
if we apply above formula directly.

From the above formula we have get answer 47 because 6 + 8 + 10 + 12+ 15-5+ 1 =47

But it is not correct. In order to get the correct answer we need to include only blue, yellow znd
white balls because red and green balls are less than 9. But we are picking randomly so we
include after we apply pigeon principle.

i.e., 9 blue + 9 yellow + 9 white — 3 + 1=25

Since we are picking randomly so we can get all the red and green balls before the above 25

balls. Therefore we add 6 red + 8 green + 25 = 39
We can conclude that in order to pick 9 balls of same color randomly, one has to pick 3¢ bzlls

from a box.

Recurrence Relation: Linear and Non-linear Recurrence Relations,

Definition



Acrocurrenco rolation g an equation that recuraively delines a scequence where the next term is a
function of tho provious torms (Expressing I'nfn as some combination of [Fi with 1°ni<n),
Examplo - Fibonnccl sOries = ['w=FntFn-2Fn=Fn=-1+Fn-2, Tower of Hanoi
- =2 -1+ | Fne2Fn=1+1

Linear Recurrence Relations

A lincar rocurronco oquation of degree k or order k is a recurrence equation which is in the
format Xom AtXn 1 EA2Xe LEA XD 1E L AKK kxn=ATxn=1+A2xn=1+A3xn-1+. Akzn-k(AnAn is

a
constant and Av/0AKZ0) on a sequenco of numbers as a first-degree polynomial.

Thoso aro somo oxamplos of linear recurrence cquations -

Recurrence relations Initlal values Solutions
Fozm Ryt Fog a=a,=1 Fibonacci number
Fo=Foyt B a,=14a,-=3 Lucas Number
Fo=Fat Fos a=a=a=1 Padovan sequence
o= 2F. + F.. a,=0,a=1 Pell number

How to solve linear recurrence relation

Suppose, a two ordered linear recurrence relation is = 'n=Al'n-1+BlIn-2Fn=AFn-1+BFn-2 where A
and B are real numbers.

The characteristic equation for the above recurrence relation is -
X2~ AX—B=0x2-Ax-B=0
Three cases may occur while finding the roots -

Case 1 - If this equalion factors as (x—x1)(x—x1)=0(x-x1)(x-x1)=0 and it produces two distinct real
roots x1x1 and x2x2, then Fn=axn1 tbxn2Fn=ax1n+hx2n is the solution. [Here, a and b are constants]
Case 2 - If this equation factors as (x—x1)2-0(x-x1)2=0 and it produces single real root xix1,
then Fr=axnt I bnxniFn=ax1n+bnx1n is the solution.

Case 3 - |If the equation produces 1wo dislinct complex roots, X1x1 and x2x2 in
form x1=r20x1=r£0 and x2=r£(-0)x2=r4(-0),

then Fa=ra(acos(n0)+-bsin(n0))Fn=rn(acos(nd)+bsin(n0)) is the solution.

Problem 1

polar

Solve the recurrence relation Fu=5n-1—-0Fn-2Fn=5Fn-1-6Fn-2 where IFo=1F0=1 and F'1=4F1=4
Solution

The characteristic equation of the recurrence relation is -



w1 Gy Go(),g7-Grehie,

S0, (x 3% 2) O(x=3)(2=2)=0
Honce, the roots ara =
x1- Yy 1=3 and k2 2x2=2

The roots are real and distinct, So, this s in the form of case 4

Hence, the solution 19 =

P axni ‘bt nearinsbrZn

Hore, Fooadatb2n (As x1- 3 and z2- 2)Fn asn+tb2n (hs 2125 and 72+2)
Therefore,

I Fo a3otb20 atb1=F0=a30+b20=a+h

4 F1 aditbh2r 3at2bAa=F1=0314b21=3047b

Solving these two equations, we gol a 2a=2 and b Ih=-1

Hence, the final solution s -
Fn=2.304( l).2n 2. 34-20Fn=2.3n4(-1).2n=2.3n-2n
Problem 2

Solve thao rOGUITEnNce
- Fn=10Fn-1-25Fn-2Fn=10Fn=-1-26Fn~2 where Fo=3F0=3 and 1= 17TF1=17

Solution

The characteristic equation of the recurrence relation is -
%x2—-10%x-25=0x2-10x-25=0

So (x—5)2-0(x~5)2=0

Hence, there is single real root x1-5x1=5

As there is single real valued root, this is in the form of case 2

Hence, the solution is =

Fn=axnt tbnxniFn=axin+bnxin

=0 a.50H(b)(0.5)0 a3=F0=a.50+(h)(0.5)0=a

17-F1-a.514b.1.51=5at 5b17=F1=a.51+b.1.51=5a+5b

Solving these two equations, we get a=3a=3 and b~2/5b=2/5
Hence, the final solution is = Fn=3.5n (2/5).n.20Fn=3.5n+(2/5).n.2n

Problem 3

re:lation

Solve the recurrence relation Jin=2Fn-1-2Fn2Fn=2Fn-1-2Fn-2 where Fo=1F0=1 and F1=3F1=3

Solution

The characteristic equation of the recurrence relation is -

Xx2—-2X—2=0x2-2x-2=0



Hence, the roots are —
xi=1Hx1=14 and o= 1-1x2=1+i

in polar form,

1=r£0x1=r28 and X2=1£(-0)x2=r£(-0), where r=2-\r=2 and 0=:0=114
The roots are imaginary. So, this is in the form of case 3.
Hence, the solution is -

Fa=(2-\V)a(acos(n. N/ +bsin(n. N/4))Fn=(2)n(acos(n.n/4)+bsin(n.n/4))
1=Fo=(2-\)o(acos(0.1/4)+bsin(0.M/-H))=a1=F0=(2)0(acos(0.n/4)+bsin(0.n/4))=a
3=Fi1=2-\V)(acos(1.M/4)+bsin( 1.M/4))=2-V(a/2-V+b/2~
\)3=F1=(2)1(acos(1.n/4)+bsin(1.n/4))=2(a/2+b/2)

Solving these two equations we get a=la=1 and b=2b=2

Hence, the final solution is -

Fr=(2-\)n(cos(n./4)+2sin(n.n/4))Fn=(2)n(cos(n.m/4)+2sin(n.11/4))

Non-Homogeneous Recurrence Relation and Particular Solutions

A recurrence relation is called non-homogeneous if it is in the form

Fr=AFn 1+ BFu-2+f(n)Fn=AFn-1+BFn-2+f(n) where {(n)z0f(n)20
Its associated homogeneous recurrence relation is Fn=AFn 1+BFn-2Fn=AFn-1+BFn-2
The solution (an)(an) of a non-homogeneous recurrence relation has two parts.

First part is the solution (an)(ah) of the associated homogeneous recurrence relation and the second
part is the particular solution (at)(at).

an=ah+atan=ah+at

Solution to the first part is done using the procedures discussed in the previous section.

To find the particular solution, we find an appropriate trial solution.

Let f(n)=cxaf(n)=cxn; let X2=Ax+Bx2=Ax+B be the characteristic equation of the associated
homogeneous recurrence relation and let X1x1 and X2x2 be its roots.

e I XEXIXEXT and XFX2x#EX2, then ar=AXnat=Axn

o If X=X1x=x1, XEX2x#X2, then ar=Anxsat=Anxn

o I Xx=x1=X2x=x1=x2, then ai=An2xn

Relation

Whenever sets are being discussed, the relationship between the elements of the sets is the next thing

that comes up. Relations may exist between objects of the same set or between objects of two or
more sets.

Definition and Properties



A binary relation R from set x to y (written as xRyxRy or R(X,y)R(x,y)) is a subset of the Cartesian
product XXyxxy. If the ordered pair of G is reversed, the relation also changes.
Generally an n-ary relation R between sets Al,..., and AnA1,...,and Anis a subset of the n-ary

product A1x-XApA1x...xAn, The minimum cardinality of a relation R is Zero and maximum is n2n2 in
this case,

A binary relation R on a single sct A is a subset of AXAAXA,

For two distinct sets, A and B, having cardinalities m and n respectively, the maximum cardinality of a
relation R from A to B is mn.

Domain and Range

If there are two sets A and B, and relation R have order pair (x, y), then -

. The domain of R, Dom(R), is the set {x|(x,y)ERforsomeyini3 b{x|(x,y)ERforsomeyinB}
« The range of R, Ran(R), is the set {yl(x.y)ERl'nrsomcxin/\}{y|(x.y)GRforsomexinA}

Examples
Let, A={1,2,91A={1,2,9} and B={1,3,7}B={1,3,7}
« Case 1 - If relation R is 'equal to' then R={(1,1),(3,3)}R={(1,1).(3,3)}
Dom(R) = {1,3},Ran(R)={1,3}{1,3},Ran(R)={1,3}
« Case 2 - If relation R is 'less than' then R={(1,3),(1,7),(2,3),(2,7)} R={(1,3).(1,7).(2,3).(2,7)}
Dom(R) = {1,2},Ran(R)={3,7}{1,2},Ran(R)={3,7}
« Case 3 - If relation R is 'greater than' then R={(2,1),(9,1),(9,3),(9,7)} R={(2,1).(9,1).(9,3).(3.7)}
Dom(R) = {2,9} ,Ran(R)={1,3,7}{2,9},Ran(R)={1,3,7}

Representation of Relations using Graph

A relation can be represented using a directed graph.

The number of vertices in the graph is equal to the number of elements in the set from which the
relation has been defined. For each ordered pair (x, y) in the relation R, there will be a directed edge
from the vertex 'x' to vertex 'y'. If there is an ordered pair (x, x), there will be self- loop on vertex 'x'.

Suppose, there is a relation R={(1,1),(1,2),(3,2)}R={(1,1),(1,2).(3,2)} on set S={1,2,3}5={1,2,3}, it
can be represented by the following graph —

i\




Types of Relations

: ?&2 im‘r't: Relation bntwgqn sols X :md.Y| or on E, Is the ampty set (¢
ull Relation between sots X and Y is tho set X #Y X=Y

» The Identity Relation on sot X Is the sot {(x,x)|x€ X | {(x,%)|x¢ £}

+ The Inverse Relation R of a relation R is dofined ns = Re {(h,a)|a b)e R RA(h ), bje B
Example - If R {(1,2),(2,3)}R={(1,2).(2,3)) thon R will be 1(2,1),(3,2) 3 4(2.0).(4.2))

« Arelation R on set A is called Reflexive if Vac Avach is related 1o a (afa holds)
Example - The relation R {(a,a),(b,b)} R={(a,a),(b,b)} on set X fa by A={a by s reflorive,

« Arelation R on sot A Is callod Irreflexive if no aCAcA is related to a (af2a does not hold),
Example - The relation - {(a,b),(b,a)} R={(a,b),(ha)} on sol X La by A=l by s ineflesive,

« A relation R on fet / i
called Symmetric it xRyxRy implies yRxyRx, VxCAvzeA and VyEAYYER,
Example - The relation R-1(1,2),(2,1),(3,2),(2,3) R={(1 2),(2,1).(3,2),(2,3)} on
set A= {1,2,3}A=(1,2,3} is symmelric,

o A relation R on set A i called Anti-
Symmetric if XRyxRy and yRxyRx implies X yVxEAr=yvreh and VyeAVyYEh,
Example - The relation R {(x,y)—»N|x=y | R={(x,y) +N|z2y} i5 anti-symmetric
since Xx<yxsy and y=xysx implies X yx=y.

« A relation R on set A is
called Transitive if xRyxRy and yRzyRz implies %Rz Vx,y,2ENR2 MY ZEA.
Example - The relation - 1(1,2),(2,3),(] 3)1R={(1,2),(2,3),(1,3); on

set A= {1,2,3}A=(1,2,3} is transilive.
« A relation is an Equivalence Relation if it is reflexive, symmetric, and transitive,
Example - The

relation R={(1,1),(2,2),(3,3).(} 2),2,1),(2,3),(3,2),(1,3),(3,] )}R={(1,1),(2,2),(.’5,.’1).(1,2;,(2,1;,

(2,3),(3,2),(1,3),(3,1)) on set A 11,2,31A={1,2,3} is an equivalence relation since it is reflesive,
symmetric, and transitive.

Questions Bank

1. What Is Discrete Mathematics?
Answer :
Discrete Mathematics is a branch of mathematics involving discrete elements that uses algebra and arithmetic. It
is increasingly being applied in the practical ficlds of mathematics and computer science, It is a very good tool
for improving reasoning and problem-solving capabilitics.

2. What Are The Categorices Of Mathematics?
Answer :
Mathematics can be broadly classificd into two categories -

Continuous Mathematics — Itis based upon continuous number line or the real numbers. It is characterized by
the fact that between any two numbers, there are almost always an infinite set of numbers. For example, a
function in continuous mathematics can be plotted in a smooth curve without breaks.

Discrete Mathematics — Itinvolves distinct valucs; i.c. between any two points, there are 4 countable number
of points. For example, if we have a finite st of objects, the function can be defined as a Jist of ordered pairs
having these objects, and can be presented as a complete list of thosc pairs.

3. What Is Sets In Discrete Mathematics?
Answer :
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/\l I|(nl('|:|f:"||l“i'[‘;( uk': cll(l collection of different clements. A sct can be written explicitly by listing 1ts
Jere i wet bracket, 1 the order of : ; [
elements using set briacket, 1 the order of the elements is changed or any element of a set 15 repeated,
it does not miake any changes in the set,
Some Example of Sets

o Asetof all positive integers

o A sctofall the plancts in the solar system

o A setof all the states in India

o A set of all the lowercase letters of the alphabet

4, In How Many Ways Represent A Set?

Answer s

Sets can be represented in two ways

Roster or Tabular Form: The sctis represented by listing all the clements comprising it. The clements are
enclosed within braces and separated by commas.

Pxample 1 Set ol vowels in English alphabet, A= fa,e,,0,u} A= fa,e,1,0,u}

Example 2 Set of odd numbers less than 10, B=11,3,5,7,9}

5, Fxplain Some Important Sets?
Answer

o N the set of all natural numbers 11,2,3.4,.....}

7 the set of all integers = 4.3, 2-1,0,1,23,..0

o /74 the set of all positive infegers

o O the et of all rational numbers

o R the set of all real numbers

o W the set of all whole numbers

6. What Is Cardinality Of A Set?

Answer :

Cardinality of a set S, denoted by S|, is the number of elements of the set. The number is also referred as the
cardinal number. 1f a sct has an infinitc number of elements, its cardinality is .

Example — (1,435 4|1 1,2,3,4,5,...}F~]

If there are two sets X and Y,

o |X|7|Y| denotes two sets X and Y having same cardinality. It occurs when the number of elements in X
is exactly equal to the number of elements in Y. In this case, there exists a bijective function *f’ from X
toY.

o |X71Y] denotes that set X’s cardinality is less than or equal to set Y's cardinality. It occurs when
number of elements in X is less than or equal to that of Y. Here, there exists an injective function ‘f’
fromXtoY.

o |X|7IY| denotes that sct X’s cardinality is less than set Y’s cardinality. It occurs when number of
clements in X is less than that of Y. Here, the function ‘f” from X to Y is injective function but not
bijective.

o If|X[£[Y]and [X|<]Y|then IX|=Y]. The scts X and Y are commonly referred as equivalent sets.

7. What Are The Types Of Sets?
Answer :
Sets can be classificd into many types. Some of which are finite, infinite, subset, universal, proper, singleton set,
cic.
Finite Set: A sct which contains a definite number of clements is called a finite sct.
Infinite Set: A set which contains infinite number of elements is called an infinite set.
Subset: A sct X is a subsct of st Y (Written as XEY) if cvery clement of X is an clement ofsetY.
Proper Subset: ‘The term “proper subsct” can be defined as “subset of but not equal to”. A Set X is a proper
subset of set Y (Written as XCYXCY) if every clement of X is an element of set Y and |X|<[Y].
Universal Set: It is a collection of all clements in a particular context or application. All the sets 1n that context
or application arc cssentially subscts of this universal sct. Universal scts are represented as UU.
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31 Cas‘;l;[;l:vgerslzgp'{:éosztests_ that have at least one common element are called overlapping sets
n(AUB)=n(A)+n(B)-n(ANB)
n(AUB)=n(A-B)+n(B—A)n(ANB)
n(A)=n(A-B)+n(ANB)
o n(B)=n(B-A)+n(ANB)
Disjoint Set: Two sets A and B are called disjoint sets if they do not have even one element in common.
Therefore, disjoint sets have the following properties — )
o n(ANB)=0
o n(AUB)=n(A)+n(B)

o O O

8. What Is Set Operations?
o Answer:

o Set Operations include Set Union, Set Intersection, Set Difference, Complement of Set. and Cartesian
Product.

o Set Union: The union of sets A and B (denoted by AUB) is the set of elements which are n A.in B,orm
both A and B. Hence, AUB={x|xEA OR x€B}.

o Set Intersection: The intersection of sets A and B (denoted by ANB) 1s the set of elements which are in
both A and B. Hence, ANB={x|xEA AND XEB}.

o Set Difference/ Relative Complement

o The set difference of sets A and B (denoted by A-B) is the set of elements which are only in A but not n
B. Hence, A—B={x|x€A AND x€&Bj}.

o Complement of a Set: The complement of a set A (denoted by A’A’) is the set of elements which are not
in set A. Hence, A'={x|x&A}.
o More specifically, A'=(U-A) where U is a universal set which contains all objects.
9. What Is Power Set?
Answer :
Power set of a set S is the set of all subsets of S including the empty set. The cardinality of a power set of a set S of
cardinality n is 2n. Power set is denoted as P(S).

Example —For a set S={a,b,c,d} let us calculate the subsets —

o Subsets with 0 elements — {@} (the empty set)

Subsets with 1 element — {a},{b},{c},{d}

Subsets with 2 elements — {a,b},{a,c},{n,d},{b,c},{b‘d\,{c.d}
Subsets with 3 elements — {a,b,c},{a,b,d},{n.c.d}.{b,c.d}
Subsets with 4 elements — {a,b,c,d}

O 0O O O

10. What Is Discrete Mathematics Relations?

Answer :

Whenever sets are being discussed, the relationship between the clements of the sets is the next thing that comes
up. Relations may exist between objects of the same set or between objects of two or more sets.

11. What Is Discrete Mathematics Functions?
Answer :

A Function assigns to each clement of a set, exactly one element of a related set. Functions find their application in
various fields like representation of the computational complexity of algorithms, counting objects, study of
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12. What Is Composition Of Functions?
Answer ‘
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13. What Are Contradictions?
Answer ¢

A Contradiction 1s a formula which i \ ;
liction is a formula which is always false for every value olits propositional variahles

Example = Prove (AVB)A[(~A)A(B)] is a contradiction

14. True FALSE The Pigeonhole Principle tells us that i we have n 4| pigeons and 1 holes, since n
+ 1> n, cach box will have at Teast one pigeon.

Solution: One hole could have all n+ 1 pigeons.

3. Truc FALSE The Pigconhole Principle tells us that with n pigeons and k holes cach hole can
have at most n/k pigeons.

Solution: There exists one box with at least that many, but it could contain more.

6. Show that in a 8x8 grid, it is impossible to place 9 rooks so that they all don’t threaten cach
other.

Solution: By Pigeonhole, there exists one row with at least two rooks, so they must threaten cach other.

7. The population of the US is 300 million. Every person has written somewhere between 0 and 10
million lines of code. What's the maximum number of people that we can say must have written the
same number of lines of code?

Solution: There are 10 - 106 + 1 different number of lines of code you can write. So, there exists a
number of line of codes with at least d300 - 106/(106 + 1)e = 30 people.

8. Three people are running for student government. There are 202 people who vote. What is the
minimum number of votes needed for somecone to win the election?

Solution: By pigeonhole, there exists a person who has gotten at least d202/3e =

68 votes. So, someone
could win with a 67 — 67 — 68 split.

9. There are 38 different time periods during which classes at a university can be scheduled. If

there are 677 different classes, what is the minimum number of different rooms that will be
needed?

Solution: There exists a time period will have at least d677/38¢ = 18 classes during it. So 18 different
rooms will be needed.



